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C78 IPR fullerenes: Computed B3LYP/6-31G*//HF/3-21G
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Abstract. The five isolated-pentagon-rule (IPR) satisfying isomers of C78, labeled 1–5, or according to sym-
metry as D3, C2v , C′2v, D3h, and D′3h, are computed. The cage geometries are optimized at the ab initio
HF level with the standard 3-21G basis set (HF/3-21G). The separation energetics is then computed using
the B3LYP density-functional treatment in the standard 6-31G* basis set (B3LYP/6-31G*//HF/3-21G).
Harmonic vibrational frequencies are calculated by the SAM1 semiempirical method. The computed ener-
gies, structural and vibrational data are employed in the construction of isomeric partition functions and
evaluation of the relative Gibbs free energies. The results are converted into relative concentrations for
a wide temperature interval. The C′2v structure is the most populated throughout while the D3h species is
negligible at all temperatures. The agreement between theory and experiment is reasonable, though some
aspects are still to be clarified.

PACS. 82.60.Hc Chemical equilibria and equilibrium constants – 82.30.Qt Isomerization
and rearrangement – 61.48.+c Fullerenes and fullerene-related materials –
31.15.Ar Ab initio calculations – 31.15.Ew Density-functional theory

1 Introduction

There are just five isolated-pentagon-rule (IPR) satisfy-
ing isomers of C78, labeled 1–5 according to [1] and in
this order they exhibit the D3, C2v, C2v, D3h, and D3h

symmetries. The two C2v species exhibit [2] qualitatively
different 13C NMR patterns, however, the two D3h species
have the same pattern, five strong and three weak lines. In
the past, a different numbering scheme was introduced [3]
followed for example in [4]. Diederich et al. [2] used modi-
fied symmetry labels D3, C2v, C′2v, D3h, and D′3h, ordered
in the sequence 1–5 according to the new numbering sys-
tem [1]. The C2v species is also labeled as C2v(I) in [4,5].

In experiments, at first only two isomers were observed
by Diederich et al. [2], with D3 and C2v symmetry in a ra-
tio 1:5. Later on, Kikuchi et al. [6] reported three isomers
of C78 with the symmetries D3, C2v, and C′2v in a ratio
2:2:5. Taylor et al. [7] also reported three structures, C2v,
D3, and C′2v in a ratio 5.2:3:1.8 (though there is a differ-
ence from the previous report [2] in the location of one
NMR peak for D3). NMR spectra of 3He in C78 reported
by Saunders et al. [8] qualitatively agree with the previous
findings.
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In contrast to this relative abundance of observations,
the isomeric ratios were computed only at semiempiri-
cal level (MNDO, AM1, and PM3) [4] and the agreement
with experiments has been only partial. This situation has
prompted the present higher-level calculations.

2 Computations

The geometry optimizations started with the new semiem-
pirical method SAM1, developed [9] to overcome some
drawbacks of previous methods. This part of the com-
putations was carried out with the AMPAC program
package [10]. The geometry optimizations were performed
with no symmetry constraints in Cartesian coordinates
and with analytically constructed energy gradients. For
the SAM1 optimized geometries, the harmonic vibrational
analysis was carried out by a numerical differentiation of
the analytical energy gradient.

The SAM1 geometries were further re-optimized at
the ab initio HF level with the standard 3-21G basis set
(HF/3-21G). The separation energetics was moreover re-
fined at two higher levels of theory, though performed for
the HF/3-21G optimized geometries. One of them was
the ab initio HF approach with the standard 4-31G ba-
sis set (HF/4-31G//HF/3-21G), the other was the B3LYP
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Fig. 1. The HF/3-21G optimized structure of the D3 isomer.

density-functional treatment in the standard 6-31G* ba-
sis set (B3LYP/6-31G*//HF/3-21G). All the ab initio
calculations were carried out with the Gaussian program
package [11].

The computed energy, structural and vibrational data
are employed in the construction of isomeric partition
functions and evaluation of the relative Gibbs free ener-
gies. The rotational-vibrational partition functions are of
the rigid rotator and harmonic oscillator quality, and no
frequency scaling is considered. Relative concentrations
(mole fractions) xi of n isomers can be expressed through
the partition functions qi and the ground-state energy
∆H◦0,i by a compact formula

xi =
qi exp

(
−∆H◦0,i/(RT )

)∑n
j=1 qj exp

(
−∆H◦0,j/(RT )

) ,
where R is the gas constant and T is the absolute temper-
ature. The symmetries of the optimized cages represent an
important issue and they were determined by a new proce-
dure which treats precision of the computed coordinates
as a variable parameter [12]. Chirality contribution was
also considered, for the D3 enantiomeric pair its partition
function was doubled.

3 Results and discussion

Table 1 presents the computed energetics for the C78 IPR
set (see Figures 1–5). The C2v isomer labeled 3 is always
the system ground state and species 4 is always the highest
in energy. Otherwise, the results from the selected compu-
tations are not that consistent. In particular, in three cases
the ground state isomer is followed by isomer 2, however,
in the B3LYP/6-31G*//HF/3-21G treatment isomer 5 is
the second lowest structure in energy.

The relative energies themselves cannot always predict
relative stabilities in an isomeric system at high temper-
atures as stability interchanges induced by temperature

Fig. 2. The HF/3-21G optimized structure of the C2v isomer.

Fig. 3. The HF/3-21G optimized structure of the C′2v isomer.

are possible [12]. In other words, we deal with a signif-
icant enthalpy-entropy interplay related to considerably
high temperatures used in fullerene synthesis. In our treat-
ment the Gibbs free energy terms are converted into more
convenient relative concentrations.

Figure 6 presents the development of the relative con-
centrations xi in the C78 IPR set for a wide temperature
interval based on the HF/3-21G rotational, SAM1 vibra-
tional, and B3LYP/6-31G*//HF/3-21G energy data. At
very low temperatures, of course, the ground-state struc-
ture has to be prevailing. In fact, the C′2v isomer 3 re-
mains the most populated species throughout. There is
actually only one relative stability interchange, close to
1500 K. The D3h isomer 4 is negligible at all tempera-
tures. The three experimental studies [2,6,7] of C78 are
not really consistent. Diederich et al. [2] report only two



F. Uhĺık et al.: C78 IPR fullerenes: Computed temperature-dependent relative concentrations 351

Table 1. The relative energiesa of the IPR structures of C78

in kJ/mol.

Label SAM1 HF/3-21G HF/4-31G B3LYP/6-31G*

1, D3 31.16 17.11 30.84 40.87

2, C2v 20.54 0.71 10.73 26.96

3, C′2v 0.00 0.00 0.00 0.00

4, D3h 89.61 53.40 75.29 102.67

5, D′3h 26.26 46.32 38.78 20.13
a∆H◦f,298,r for SAM1

Fig. 4. The HF/3-21G optimized structure of the D3h isomer.

isomers while the other two works [6,7] observed three
structures. What comes as the major component in one
paper [6], is only the third most populated species in the
other study [7]. The present calculations agree reasonably
well with findings of Kikuchi et al. [6], structures 1, 2,
and 3 (D3, C2v, and C′2v) in a ratio 2:2:5.

The achieved theory-experiment correspondence is en-
couraging, though still more computations on energetics
and vibrations are needed to clarify possible sources of
only partial agreement. The presence of isomer 5 has never
been observed, though computations suggest it as a possi-
ble minor component, even more populated than isomer 1.
A latter isolation of a missing minor fullerene isomer, pre-
dicted by computations, is possible, as has recently hap-
pened [12–14] with C80.

Our treatment presupposes inter-isomeric equilibrium.
It is difficult to guess a degree to which this presumption
is satisfied in each particular experiment. Experiments of
Wakabayashi et al. [15] indicate that such an equilibrium
requires sufficiently high pressures of He. Moreover, there
may be some yet unknown catalytic effects [16] involved.
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Fig. 5. The HF/3-21G optimized structure of the D′3h isomer.
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Fig. 6. The temperature dependence of the relative concen-
trations of the C78 IPR isomers.
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Note added in proof

Yamamoto [17] has recently reported an isolation of the
fourth isomer of C78, namely a D′3h species. This species
is labeled by 5 in Figure 6 and thus, it is indeed computed
as the third most stable at high temperatures (even the
second most populated at moderate temperatures).
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